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SECTION 1. 
Sufficient as well as necessary conditions for the existence of monotone solutions have been derived 
for various classes of differential and difference equations (see, for example [l-7]). In this paper, 
we are also concerned with the existence conditions for a class of nonlinear difference equations 
of the form 
A @k--l (&+,)“) + q/e x; = ‘A k= 1,2,3 ,..., (1) 
where ~7 > 0 and {pk}: ’ 1s a positive sequence. In (81, it is shown that Hardy’s inequality for 
a series [9, pp. 239-2411 can be viewed as a necessary condition for the existence of a positive 
nondecreasing solution of (1). In the case of (T = 1 and qi 2 0, Equation (1) changes to a linear 
second order difference equation, 
A (pk Azk-1) + qk xk = 0, k=1,2,3 ,..., 
with respect, to which the existence of a positive nondecreasing solution is equivalent to the 
existence of a positive solution (see, for example, [lo, Lemma 11). 
By means of two Riccati-type transformations, we shall first establish several equivalent condi- 
tions for the existence of monotone solutions of (1). Then we establish some comparison theorems. 
These theorems state roughly this: if there is a positive nondecreasing solution for a “majorant 
equation” of the form 
A @k-l (&k-1)“) + xk sky; = 0, 
then a minorant equation, 
A (Tk-1 (AZ,-,)“) + Sk 2; = 0, 
k=1,2,3 ,..., (2) 
k= 1,2,3 ,..., (3) 
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also has a positive nondecreasing solution. The precise conditions on the coefficients of the 
involved equations will be stated later. 
The successful use of comparison theorems as means to derive existence criteria for positive 
nondecreasing solutions depends very much on specific equations, which are known to possess (or 
not to possess) monotone solutions. In Section 3, we shall mention a few existence criteria which 
are known [1,2,10,11], and derive an additional criterion by means of the Banach contraction 
principle. 
SECTION 2. 
As mentioned before, 0 will denote a positive number. We begin by assuming {zk}: is a 
positive nondecreasing solution of (1). Then the sequence {~k}r defined by 
is nonnegative and we may easily verify that it satisfies 
‘zLk+l = lc 2 0, 
where 
f(u) = U 
(1 + U1/g)‘T’ 
Furthermore, the sequence {wk}: defined by 
is nonnegative and satisfies 
Auk + F (Pk, ok) + qk+l = 0, k 2 0, (6) 
where 
F(t,v) = 
2, [(P/q + V1/o)O - t] 
(t’b + +/g)C . 
Conversely, if {?Lk}F is a nonnegative solution of (4), then defining xe = 1 and 
Xk+l = (l+?L;‘+&, k>O, 
(4) 
(5) 
(7) 
we may easily verify that {xk},” is a positive nondecreasing Solution of (1). Similarly, if {Vk}r 
is a nonnegative solution of (6), then defining x0 = 1, and 
xk+l= [l+@‘“]x,k, k>O  
we may easily verify that {xk}: ’ is a positive nondecreasing solution of (1). 
LEMMA 1. Equation (1) has a positive nondecreasing solution if and only if (4) (or (6)) has a 
nonnegative solution. 
Similar reasoning readily leads to the following lemma. 
LEMMA 2. Suppose u > 0 and {pk}; is a positive sequence. The recurrence relation 
A @k-l (Ax:,-,)“) + qk xi 5 0, k = 1,2,3,..., (8) 
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has a positive nondecreasing solution if and only if 
uk+l 5 $.fb‘k, -e, k>O, or (9) 
Awk+l + F (pkr vk) + qkfl 5 0, k 2 0, 
has a nonnegative solution. 
The functions f and F defined, respectively, by (5) and (7) have several monotonicity and 
homogeneity properties which we shall need later. 
LEMMA 3. The functions f and F satisfy 
(9 f’(u) = (1 + ?P) -u-1 , 
(ii) Ft(t,v) = 
_f)1+1/0 
(tllm + VU(T) 1+c7 ’
(iii) F,(t,v) = 
@l/u + Vl/o)l+o _ (p7)l’Q 
(W + 211/o)l+g ’ 
and 
(iv> CY F(t, w) = F(&, cm), 
where the formulae are valid whenever the quantities involved are defined. 
The recurrence relation (8) and the difference equation (1) are related in the following manner. 
THEOREM 1. If the recurrence relation (8) has a positive nondecreasing solution, so does Equa- 
tion (1). The converse is obviously true. 
PROOF. Suppose the recurrence relation (8) has a positive nondecreasing solution, then by 
Lemma 2, the recurrence relation (9) has a nonnegative solution {uk},“. By Lemma 1, it suffices 
to show that 
‘wk+l = & f(Wk) - 2~ k 2 0, (11) 
has a solution {wk}: such that wk 2 uk, for k 2 0. To construct such a solution, we choose 
wg 2 ~0, and define Wk by (ll), so that from Lemma 3, it follows that 
Wl - Ul = E (f(wo) - f(uo)) = ; f’(T) (wg - UIJ) 2 0, 
where 0 5 uo 5 I-. An easy induction then shows that w, - u,, 2 0 for n > 1. I 
THEOREM 2. (cf. [2, Theorem I]). Suppose u > 0, {Tk}; and {Rk},” axe positive sequences 
such that 0 < Rk I rk for k > 0. Suppose further that Sk < Sk, xk > 1 and A& 2 0, for k 2 1. 
If Equation (2) has a positive nondecreasing solution, so does (3). 
PROOF. By our assumptions, the equation 
Auk + F(Rk, .uk) + Akfl Sk+1 = 0, k 2 0, (12) 
has a nonnegative solution {Vk}:. Thus, dividing Equation (12) by &+I, we obtain, in view of 
Lemma 3, that 
Auk -+F -- 
{ 
Rk “,‘k 
xk+l xk+l’ xk+l 
+ Sk+1 = 0, k > 0. 
But since s,, 2 Sk, 
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and (by Lemma 3) 
thus 
A{$}+.{,,, ~}+sk+l<O, k>O, 
which implies that 
A% + P(rle, zk) + Sk+1 5 0, k20 
has a nonnegative solution. By Lemmas 1 and 2, Equation (3) has a positive nondecreasing 
solution. I 
There is a dual to the above theorem as follows. 
THEOREM 3. Suppose cr > 0, {rk}: and {&}F are positive sequences such that 0 < rk 5 & 
for k 2 0. Suppose further that Sk 2 Sk and 0 < XI, 5 1, A& 5 0, for k 2 1. If Equation (3) 
has a positive nondecreasing solution, so does (2). 
PROOF. By our assumptions, the equation 
Auk + F(Q, vk) + Sk+1 = 0, k 2 0, 
has a nonnegative solution {Vk}:. It thus follows that 
Auk + F(rk, Vk) + Sk+1 5 0, k 2 0, 
which, after multiplying by &+I, becomes 
Xk+l Auk + F (Ak+l 7-k, xk+l uk) + xk+l Sk+1 5 0, k 2 0. 
Since 
&+rAVk+r 2 A (xk vk) 
and (by Lemma 3) 
F (Xk+l ?-k, Xk+l vk) 2 F (Tk, xk+l vk) > F (Rk, xk+l vk) 2 F (Rk, xk vk) Y 
thus 
This implies that 
A (A, vk) + F (Rk, AI, vk) + Ak+l Sk+1 5 0, k 2 0. 
Awk + P(&, wk) + xk+l Sk+1 2 0, k 10, 
has a nonnegative solution, and hence Equation (2) has a positive nondecreasing solution. 
SECTION 3. 
Existence and nonexistence of positive nondecreasing solutions of particular cases of the dif- 
ference equation of the form (1) are known. For the sake of completeness, we summarize them 
as Theorems 4-6 as follows. 
THEOREM 4. (Cheng and PatuJa [lo]). Suppose sk 2 0 for k 2 1 and 
k=n 
n=O,l,2 ,..., 
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then the equation 
A (Ask_J + sk X; = 0, k> 1; c7 > 0, (13) 
has a positive nondecreasing solution. 
THEOREM 5. (Cheng and Lu (81). The sequence { k”/(‘+“)}~ * IS a positive nondecreasing solution 
of the recurrence relation 
A(Ax,-,)“+{+-}l+o {;}l+uz;<O; k= 1,2,3 ,.... 
As a consequence, the equation 
A(Ax,_l)“+{$-}l+u {;}““x-;=o, k=l,2 3,... 
has a positive nondecreasing solution by means of Theorem 1. 
THEOREM 6. (Cheng and Zhang 1111). Equation (13) cannot have a positive nondecreasing 
solution when sk 2 0, for k 2 1, and 
Theorem 6 is based on a nonexistence criterion [ll] which is meant for difference equations of 
the form (13). This criterion can also be extended to suit the more general Equation (1) when 
{qn} is a nonnegative sequence. Let 
(14) 
i=n 
&+1=4i+FF(Pi74j), n > 0; j 2 0. (15) 
i=n 
THEOREM 7. Suppose {qn} is a nonnegative sequence. If Equation (1) has a positive nonde- 
creasing solution, then the double sequence {&} defined by (14) and (15) satisfies (i) @i < 00 
for every j 2 0 and n 2 0; and (ii) lim sup & < 00, for all n 2 0. 
j-x 
The proof of this result is similar to that of Cheng and Zhang [ll, Theorem 31 and therefore 
omitted. 
COROLLARY 1. Suppose {qn}y is a nonnegative sequence and 
2 qi = 00, or 
i=l 
then Equation (1) has no positive nondecreasing solutions. 
THEOREM 8. Suppose {qn} is a nonnegative sequence, 
C p,ll” < 00 and c qir:=oo, 
i=O i=l 
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where 
7- = 0, ifa 2 1, andr= 1, if0 < 0 5 1; 
then Equation (1) cannot have a positive nondecreasing solution. 
PROOF. Suppose, to the contrary, that {zn} is a positive nondecreasing solution of (1). Then 
there is a number p in (0,l) such that X, 2 CL, for all large n. Also, by our assumptions on 
{pn} , Fn 5 p, for all large n. Consequently, if D 2 1, we have 2: 2 p” > rz, for all large n; and 
ifO<a<l,wehave~~r~~2~Lr n, for all large n. Next, from (l), we obtain 
n 
pn+l(b~+l)~ -PN (Ax,)"+ Cqi+l x:+~ = 0, 
where n > N > 0. Hence, for sufficiently large N, 
PN (AWN)” 2 2 qi+l x:+1 
i=N 
2 C 4i+l r,r,, - 00, 
i=N 
as n + co, which is a contradiction. I 
i=N 
n 
In the remainder of this paper, we shall derive an existence criterion based on the Banach 
contraction principle. For this purpose, we shall need the following lemma, the proof of which 
can be found in [9, Theorem 411. 
LEMMA 4. Suppose x, y 2 0. If r > 1, then xT - yT 5 TX~-I (x - y); and if 0 < r 5 1, then 
z’ - yT 5 7 yT-1 (x - y). 
For convenience, let us denote F(1, V) by G(v), w h ere F(t,v) has been defined by (7). Note 
that if v 2 0, then by Lemma 4, if g > 1, we have 
(1+ Yiio)0 - 15 0 (1 +v’/~)~-~ ul/O, so that 
G(v) = v [Cl + vl’O)o - 11 0 vlfl/~ 
(1 + d/y ‘( 1 + vy ; 
and if 0 < 0 5 1, we have 
(1 +v’q” - 15 d/y so that 
G(v) 5 
fJ y1+1/0 
(1 + vilo)O’ 
To summarize, if v 2 0, then 
G(v) 5 UV~+~‘~. 
Similarly, if v > 0, then 
(I$ vl/o)l+o - 1 5 (1 + CJ) (1 + v~/~)~ v~/~, so that 
G’(v) = 
(1+ 7?/c)1+D - 1 
(1 + vl/ql+u 
(16) 
07) 
We remark in passing that G’(v) is nondecreasing for v 2 0. This fact will be used later. 
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LEMMA 5. Let {sk}? be a nonnegative sequence such that sk # 0 for infinitely many k. Let 
00 
pk = c sk+l, 72 2 0, 
k=n 
and suppose 
co 
c py L ifc7 > 1, 
k=O 
(18) 
then the equation 
w,=/&+~G(Wk), n=0,1,2 I..., (19) 
k=n 
has a positive solution {wk},” which converges to zero. 
PROOF. Let B be the subspace of the vector space I” consisting of real sequences 9 = {yk}? 
such that {~!d/pk)O O” is bounded. Then it is easily verified that B equipped with the norm 
is a Banach space. We define a subset 0 of B as follows: 
ytBl1+<2 
Pk- ’ 
It is easily seen that 52 is a closed and bounded subset of B. Define the mapping T from R into B 
as follows: for any w E 0, 
(Tw), = in + 2 G(W), 
k=n 
n 2 0. 
For any w E R, since wk > Pk > 0, for k 2 0, we have G(w,+) > 0 for k > 0 so that (Tw), 2 ,o,, 
for n > 0. Furthermore, since wk 5 2pk for k > 0, we have, in view of (16), that 
G(wk) < G(2pk) < ~7 (2&-)1+“a. 
Thus by (18) 
(Tw), 5 in + 2 G(2pk) < pn + (2~) 2l/” 2 p:+‘l” 5 pn + (2a) 2l’o pn 5 
pk’” 5 2pk, 
k=n k=n k=n 
for n 2 0. 
We have thus shown that T maps 0 into 0. Next, we shall show that T is a contraction 
mapping on 0. To see this, let y and z be any two elements in s1. By means of (17), we see from 
the monotonicity of G’(v) and (17) that 
I(TY)n - (Tz)nl 5 2 I(GYv>k - (Gz)kl 5 2 IG’(@k)l lyk - zkl 
k=n k=n 
I (1 -I- a) 2l’” 5 P:‘” \Yk - zk) , 
k=n 
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I(TY)rz - (Tzz)nl 
Pn 
I: (1 + 0) 2qy - 412 &” I x IIY - 417 
k=n 
where X -C 1, as required. 
By Banach’s contraction principle, there is a unique fixed point w = {wk}; in R such that 
T w = w. This implies that w satisfies (19) and pn I w, < 2p,, for n 2 0, so that {w,} converges 
to zero as required. I 
Assuming the existence of a fixed point {wn}r for the operator T, if we define 
x0 = 1 and x,+1 = x, (l+wA1O), n>O, (20) 
then it is easily verified that {zn}F is a positive increasing solution of (13). 
THEOREM 9. Suppose the conditions of Lemma 5 hold, then 
CreaSing SOlutiOn {xk}; which converges to a finite limit. 
It remains to show that the sequence {Xk}: defined by (20) 
Equation (13) has a positive in- 
has a finite limit. In fact, since 
we see from 
n 
x,+1 = 
JN 
1 +w;l” , 
> 
72 2 0, 
i=o 
that {zk}: converges as desired. 
It is interesting to compare the two existence Theorems 4 and 9. First of all, Theorem 4 
is obtained by means of the Schauder fixed point theorem, while we use Banach’s contraction 
principle to derive Theorem 9. Second, neither Theorem 4 implies Theorem 9, nor Theorem 9 
implies Theorem 4. Indeed, the condition in Theorem 4 is equivalent to 
l/a < 1 
pk - - 2k e2 ’ k 2 0, 
which implies 
co 
c 
k=O 
pi’” 5 $ Z 0.2707. 
However, the maximum of the function 
(l+cr; 2’/- ’ 0<0<1, 
h(a) = 
(2$21/. ’ u > 1, 
is equal to 0.25. 
will be of interest to establish existence theorems which include both of these results. 
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